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The article discusses the method of synthesis of fault-tolerant topologies using
a Latin square and excess encoding of nodes numbers. Ways to fill the square were
considered, several topologies were synthesized and their characteristics were
analyzed. The usages of redundancy have been analyzed.

Key words: fault tolerance, excess code, Latin square

Fig.: 5. Tabl.: 5. Bibl.: 6.

Y craTTi pO3IISINAETHCS METOJ CHUHTE3y BIJMOBOCTIMKHX TOIOJOTIH 3a
JOIIOMOI'OK0 JIATUHCBKOTO KBaJapaTy 3 BHUKOPHUCTAHHSAM HAJJINIIKOBOIO KOJIYBaHHS
HOMEpIB BepIIMH. Byno po3risHyTO crocobu 3amOBHEHHS KBaApaTy, CHHTE30BaHO
KiJTbKa TOMOJIOTiM 1 BUKOHAHO aHaii3 XapakTepucTuk. [IpoaHanizoBaHO MOXKIMBOCTI
BUKOPUCTAHHS HAJIMIIKOBOCTI.
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Urgency of the research. In modern world the distributed computing is an
important branch of the development of computer technology. Improving of their
fault-tolerance is a one of most important tasks. One of perspective methods of its
solution is a method of fault-tolerant topologies synthesis, that allow hardwarely
provide a high level of systems fault-tolerance. In article discusses the method of fault-
tolerant topologies synthesis with excess code 0/1/-1 and Latin square.

Target setting. A topological structure is an important part of distributed
computing system. A lot of parameters depends from it, including fault-tolerance.
There are some methods of fault-tolerant topologies synthesis, one of these is a using
of an excess code 0/1/-1 in nodes numbers encoding. This article proposes a method of
fault-tolerant topologies synthesis with Latin square and excess encoding.
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Actual scientific researches and issues analysis. Now a topologies synthesis
with Latin square was good considered. Also method of topologies synthesis with
excess encoding was proposed [1], the synthesis of fault-tolerant versions of
hypercube and quasi-quantum topologies was completed. In previous publications was
perfomed an analysis of main advantages and disadvantages of these topologies,
proposed methods of using redundancy to improving of fault-tolerance.

Uninvestigated parts of general matters defining. In last time only a
synthesis of fault-tolerant topologies based on codes transformations was consider, a
using of Latin square and other methods of synthesis without explicit nodes codes
transformations wasn’t considered.

The research objective. The purpose of the research is a consideration and
analysis of possibilities of using Latin square for topologies synthesis with excess
encoding of node's numbers, creating examples of these topologies and its analysis.

The statement of basic materials. The problem of synthesis with the square in its
usual form is as follows: there are Latin square. In first column — numbers of nodes, for
which the definition of neighbors is carried out. The order in which the nodes in the
column are listed can be any, it is important that the code of each node is encountered
only once. Next, the sequence written in the first column is cyclically shifted up and
written to the second column. This doing repeats for next columns analogically until the
square been filled. All cols except first are the possible neighbors of nodes, written in first
column. After the square creating from possible neighbors in any way, several columns
may be selected and a topology is constructed on them.

Basic definitions. The excess code 0/1/-1 has the same parameters as the usual
binary, but contains an additional digit -1 denoted by the letter T [1]. The main feature
of this code is that one and the same number has several possible views in this code.
That's what makes it excess.

Topologies that use this code as a basis have high fault tolerance. This is ensured,
first, by the presence of nodes with the same number, and secondly, using routing trees to
bypass failures in the system. But, as a rule, the disadvantage of such topologies is too
high a power or diameter. In synthesis based on transformations, this is due to the fact that
the transformation must take into account an additional number -1, which increases the
number of results. For example, on Exchange transformation it leads to the appearance of
several results. Exchange with the lowest digit of code 010 gets not only 011, but also
O1T. In the framework of transformations-based synthesis paradigm nothing can be done.
An alternative to this is a synthesis without transformations.

An example of topology synthesis using Latin square method. In order to
construct a Latin square, it is necessary and sufficient to determine the sequence of
node’s codes entries in the first column. For example, tables 1 and 2 illustrates the
Latin squares, constructed for natural sequence and for Gray’s code.

To perform the synthesis of the topology, you must select columns in square.
For example, select cols 1 and 3. For first square this means, that neighbors of node
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000 are nodes 001 and 011, neighbors of 001 — 010 and 100, etc. For second square
neighbors of node 000 are nodes 001 and 010, for 001 — 011 and 110, etc.

Table 1
Latin square for 3-bits binary code, written in natural sequence
Ao Node Possible neighbors
1 2 3 4 5 6 7
0 000 001 010 | 011 100 101 110 111
1 001 010 011 100 101 110 111 000
2 010 011 100 101 110 111 000 001
3 011 100 101 110 111 000 001 010
4 100 101 110 111 000 | 001 010 011
5 101 110 111 000 | 001 010 011 100
6 110 111 000 | 001 010 | 011 100 101
7 111 000 001 010 | 011 100 101 110
Table 2
Latin square for 3-bits binary code, written in Gray’s code sequence
A Node Possible neighbors
1 2 3 4 5 6 7

0 000 001 011 010 110 111 101 100
1 001 011 010 110 111 101 100 000
2 011 010 110 111 101 100 000 001
3 010 110 111 101 100 | 000 001 011
4 110 111 101 100 000 | 001 011 010
5 111 101 100 | 000 001 011 010 110
6 101 100 000 | 001 011 010 110 111
7 100 000 001 011 010 110 111 101

Fig 1. Topology, built with first Latin square with selected cols 1 and 3
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Fig 2. Topology, built with second Latin square with selected cols 1 and 3

The most interesting thing in this synthesis is that both topologies have power
4. Theoretically, in some cases, the power of the synthesized topology can be less than
4, but not more: in 2 columns opposite each node 2 neighbors and the node itself in

each of the two columns opposite some other occurs only once.

Also the interesting thing is that obtained topology depends not only from
selected columns, but also from sequence in first column.
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Also, there is an interesting property in second topology: 3 links of every node

analogical to links in hypercube, and 4™ link can be received by the way of all code’s

bits’ inversion. It means that routing methods, similar for routing in hypercube, can be
used for this topology. For comparison, in table 3 the second topology’s system of

links described in terms of functional dependencies between node’s codes.

Table 3
System of links in second topology in terms of codes transformation
Node . _ .Exchange . .
I bit 2" bit 3 bit All bits
000 100 010 001 111
001 101 011 000 110
010 110 000 011 101
011 111 001 010 100
100 000 110 101 011
101 001 111 100 010
110 010 100 111 001
111 011 101 110 000

Topology synthesis for excess code. In essence, synthesis occurs similarly, but

there are differences. There is no natural sequence of excess codes, because some

numbers in it repeat with different code, as result, all codes can’t be located so that the
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value of each next be more than 1. It isn’t critical for synthesis, but it can be important
for filling the square, because, as it was being described above, properties of topology
depend from square's filling. For synthesis use one of possible pseudo-natural
sequence for 2-bits excess code. Table 4 illustrates Latin square for this sequence.

Table 4
Latin square for pseudo-natural sequence of the excess codes

A node Neighbors
1 2 3 4 5 6 7 8
-3 TT TO T1 0T 00 01 1T 10 11
-2 T0 T1 0T 00 01 1T 10 11 TT
-1 T1 0T 00 01 1T 10 11 TT T0
-1 0T 00 01 1T 10 11 TT T0 T1
0 00 01 1T 10 11 TT TO T1 0T
1 01 1T 10 11 TT TO T1 0T 00
1 1T 10 11 TT | TO T1 0T 00 01
2 10 11 TT T0 Tl 0T 00 01 1T
3 11 TT T0 T1 0T 00 01 1T 10

For example, also select columns 1 ta 3. The blue dotted line highlights the
connections that pass between nodes with identical numbers.

Fig 3. Topology, built with Latin square with a pseudo-natural sequence of excess codes

There is interesting property in this topology: all connections between nodes
except 0T —T1,01 — 1T, 11 — TT complete between nodes with codes, that differs by
one bit. In allows in some cases use the routing algorithms, that similar to routing in
hypercube.

Using of redundancy. In terms of using the redundancy obtained topology
interesting is that has connections between nodes with same number. The reason for
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these connections is to select column 1 for the synthesis of the topology: since in
sequence these nodes are adjacent, then they are, in this way, adjacent in the topology.
The presence of these links allows clustering.

Fig 4. Topology clustering

As you can see, clusters have not only links inside, but also links between. So,
even on case of fail one node of cluster this link not be broken. Moreover, if for nodes
in cluster somehow provide possibility to intercept packets, that appointed to other
node in cluster, every node can be substitute other in case of failure and to reroute
packets, that were sent through failed node

Routing in redundant topology. As in the case of hypercube and de Bruyn
topology, routing trees can be used in this topology too. It allows use all advantages of
this routing method: bypass the failures and avoid locks.

TR

Fig 5. Routing trees for obtained topology
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Comparison of the characteristics of the obtained topology. Was completed
the comparison between obtained topology with same topology, based on usual binary
code and with classic hypercube. In table 5 the results of this comparison are
presented.

Table 5
Topologies comparison
Latin square with
Topology Classic Hypercube natural codes Redundant Latin square
sequence
1
Selected cols - 1,3 L, 3 (example 1, N/3
above)
Count of bits
3 5 8 3 5 8 2 3 5 2 3 5
(N)
Countof ¢ | 35| 256 | 8 [ 32| 256 | 9 | 27 | 243 | 9 | 27 | 243
nodes
Diameter 3 5 8 2 6 44 2 5 40 2 5 40
Power 3 5 8 4 4 4 4 4 4 4 4 4
Diameter g | o5 | 64 | 8 | 24| 176 | 8 | 20| 160 | 8 | 20 | 160
Power
Count of
12 | 80 | 1024 | 16 | 64 | 512 | 18 | 56 | 486 | 18 | 56 | 486
edges
Topology Redundant Latin square
Selected cols 1,3,6,...,N/3 1,3,9,...,3"
Count of bits
2 3 5 2 3 5
(N)
Count of o | 27 243 9 27 243
nodes
Diameter 2 3 5 2 3 5
Power 4 8 54 4 6 10
Diameter g | 24 270 8 18 50
*Power
Count of 18 | 108 6561 18 81 1215
edges

Conclusions. In article proposed method of fault-tolerant topologies synthesis,
based on using excess code, with Latin square. Considered the clustering as method of
fault-tolerance improving, received the routing trees, that can be used in this topology.
Analyzed the characteristics of redundant topologies, that can be received by using
Latin square, their comparison with each other was carried out.



Section 1. SEC ICSFTI2019 79

A main advantage of method is that in the process of synthesis it is possible to
directly determine the desired power of topology. Also, sequence in basis of Latin
square allows to delegate some features to topology, that also can be used. Defined,
that in these topologies is possible to use routing, based on trees, that allows bypass
failures and provides a high level of fault-tolerance. Another advantage of the method
is that all the nodes of the resulting topology often have the same power.

But there are disadvantages too. First, obtained topologies not always can be
described through transformations with node’s codes. This limits the ability to use
some routing methods. At second, there are difficulty with defining diameter of
topology before synthesis.

There are some ways to improve the method. Firstly, a features of topology
depends by sequence in first column of Latin square. Theoretically, it possible to give
some features to topology through choosing of sequence. The selected columns are
important too. As the comparison showed, changing the numbers and the count of
selected columns can be manipulated by power and diameter.
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PO3SHINPEHA AHOTALIA

Ounexkcanap I'onyapeHnko,
Aptem Boaokura, I'eopriit Jlynskmii

CHUHTE3 BIIMOBOCTIMKHUX TOIIOJIOI'TIA HA OCHOBI
HAJVIMIHIKOBOI'O KOJAYBAHHA
3A IO0IIOMOI'OIO JIATUHCBKOI'O KBAIPATY

AKTyaJIbHiCTh TeMHM JOCJTiJkeHHs. B cydacHoMy CBiTI pO3MOALIEHI
OOYHCIIEHHS € BaXKJIMBOIO TATy33[0 PO3BUTKY OOUYMCITIOBAIbHOI TexHikU. [ligBumeHHs
iX BIZIMOBOCTIMKOCTI - OJHA 13 HaWBaXIWBIMMX 3amad. J[oBOM TEPCIIEKTUBHUM
METOJIOM 1i BHINIECHHS € CHMHTE3 BiJIMOBOCTIHKOiI TOmoOJoOrii st cucremu. B maniit
CTaTTI PO3TIIAIAETHCS METOJ[ CHHTE3y BiJIMOBOCTIMKHX TOIIOJOTIN 3 BUKOPUCTAHHIM
HaTUIIKOBOTO Koy 0/1/-1 Ta maTHHCHKOTO KBajapary.

IMocranoBka mpodJjieMu. ToroyoriuyHa CTPYKTypa € Baj)XIMBOK YACTHHOIO
PO3MOAINIEHOI 00YMCIIOBAIBHOT cucTeMH. Bixm Hel 3anexuTh Maca mapaMeTpis,
BKJIFOYAIOUM  BiIMOBOCTIMKICTh. € KibKa CHOCOOIB CHHTE3y BiJIMOBOCTIHKHX
TOTIOJIOTIN, OJHUM 13 SIKAX € BUKOPUCTAHHS HAJUIMINKOBOro kKomyBauus 0/1/-1 B
HyMmepamii BepmrH. B nmaHiil cTaTTi IpOMOHYETHCS METOJ CHHTE3y BiAMOBOCTIMKHX
TOTIOJIOTIH 32 TOTIOMOT OO JIATHHCHKOTO KBAJPATy 1 HAJUIUIITKOBOTO KOAYBaHHS.

AHani3 ocTta”HHiX fgociaigkeHb i nyOaikamii. Ha nganuii  MomeHT
3arajibHOBIJIOMMM METOJAOM € CHHTE3 TOIIOJOIii 3a JOIOMOIrOK JIAaTUHCHKOI'O
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KBanmpary. Takoxk po3poOJEHO METOJ CHHTE3Yy TOIOJIOTIH 3 BHKOPUCTAHHSAM
HAJJTAITKOBOTO KOJyBaHHS [1], BUKOHAHO CHHTE3 BIIMOBOCTIMKHX BEpCiil TimepkyOa
Ta KBa3i-KBaHTOBOI TomoJjorii. B momepeanix myOumikamisix Oyi0 BHKOHAHO aHai3
OCHOBHHMX IIepeBar Ta HEHONIKIB TaKUX TOIOJOTIH, 3alpOMOHOBAHO METOAU
BUKOPHUCTAHHS HAJTUIITKOBOCTI JIJIs1 301IBIIICHHS BIZIMOBOCTIHKOCTI.

BunijieHHst HeJoCJiKeHHX YACTHH 3arajibHoi nmpoduaemu. /lo nporo vacy
PO3TIISIIAaBCs JIUIIE CHHTE3 BiAMOBOCTIMKHX TOIIOJIOTIH HAa OCHOBI MEPETBOPEHB, HE
PO3TIISIHYTUM 3JIMIIAE€THCS BUKOPUCTAHHS JIATUHCHKOTO KBAJApaTy Ta iHIIUX METOJIIB
CTBOPEHHSI TOIOJIOTiH, K HE BUKOPUCTOBYIOTH SIBHUX MEPETBOPEHD KOY BEPIIUH IS
OTPUMAaHHS CYCi/11B KO>KHO1 BEPILIMHH.

IMocTanoBka 3aBAaHHsA. 3aBIAHHAM € pO3IJISLA Ta aHali3 MOMKIMBOCTEH
BUKOPHCTAaHHS JIATHHCHKOTO KBAJApary JUIsi CHUHTE3y TOMOJOTI 3 HaIUIIKOBUM
KOJyBaHHSIM HOMEPIB BEpPIINH, CHHTE3 TAKUX TOMOJOTIH Ta iX aHami3.

Buk/ageHHsI OCHOBHOI0 Marepiajqy. 3agada CHHTE3Y 3a JIOTIOMOTOIO
KBaJpaTy y 3BHYAWHOMY BHIJIAJ TOJIATAE B HACTYIIHOMY: € JIATUHCHKAW KBaJpar.
B nepmmomy cToBOIII — HOMEpPU BEPUINH, JJIS SIKUX MPOBOIUTHCS BU3HAYEHHS CYCIJIiB.
[Topsimok, B sIKOMY MEpeNidyloThCS BEPIIMHUA B CTOBOI, MOXe OyTH OyAb-SKHM,
BAYIINBO, 00 KOJ KOXHOI BEPIIMHHU 3yCTpidaBcs B HbOMY Juie pa3. Hactymuamii
CTOBOCIP BW3HAYAETHCS TaK: TMOCTIJOBHICTh, IO 3alKkcaHa B TEpPIIOMY CTOBOII,
IUKJTIYHO 3CYBA€ThCS BIOpPY 1 3aMHCYEThCS B Jpyruid croBOeub. J[ms HacTymHHX
CTOBOIIIB aHAJOTIYHO, 1 TaK J0 THUX Iip MOKW KBajapaT He Oyne 3amoBHEHO. Bci
CTOBOIIi, KpIM TEPIIOro, - MOXIJIMBI CyCiiM BEPIIWH, 3aUCAHUX B MEPIIOMY CTOBOLII.
[Ticns ¢popmMyBaHHS JTATHHCHKOTO KBAAPaTy 13 MOXKIMBHUX CYCiZiB OyIb-SIKUM YHHOM
OOHMpaEThCs KilbKa CTOBOLIB 1 MO HUM OyayeThcsi Tomoioris. OCHOBHA BIMIHHICTD
3allpOMOHOBAHOTO METO/AY — B BHKOPHCTAHHI HQ/UIMIIKOBOTO KOAY Uit (popMyBaHHS
KBaJ[pary.

BucHoBku. BuaineHO OCHOBHI OCOOJMBOCTI 3ampONOHOBAHOTO METOMY.
BukonaHO cHHTE3 TOMONOTII ISl MPUKIALy, TOKa3aHO 3aCTOCYBAaHHS HAUIUIIKOBOCTI
JUTS TT1IBUINEHHS B1IMOBOCTIKOCTI. [IpoBeneHo aHami3 XapaKTepUCTHK TOTIOJIOTIH, 1110
MOXYTb OyTH CHHTE30BaHI 3 BHUKOPUCTAaHHSIM 3alpPOINOHOBAHOTO  METOIY,
MpoaHaIi30BaHO OCHOBHI MEpeBaru Ta HeIOJIKH METOY, BUCYHYTO MPOMO3MIIii 100
HOro NOKpaIeHHS.

KurouoBi ci10Ba: BiqIMOBOCTIMKICTh, HAUTUIITKOBUHN KO, TATUHCHKUN KBaIpaT



