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This article describes results of development of the approach to building fast 
operational device of adding-subtracting a long sequence of floating-point numbers 
with dynamic branching of work at the level of RISCs, which without additional 
software complications, will ensure the law of associativity when performing addition 
of sequence of positive numbers. This paper describes the functional circuit of such 
operational device which does not require for its work elements of firmware control. 
The operational device can be implemented for SF and F formats of floating-point 
numbers. For other formats such implementation of the operational device is more 
reasonable to base on an algorithm similar to the Kahan 's algorithm. 
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У статті розглядається підхід до побудови швидкого операційного пристрою 
додавання-віднімання довгої послідовності чисел з плаваючою крапкою, що без 
додаткових програмних ускладнень забезпечить виконання закону асоціативності 
при складанні послідовності додатних чисел. Описана функціональна схема такого 
пристрою, котра не потребує для своєї роботи елементів мікропрограмного 
керування. Показано, що операційний пристрій за цією схемою може бути 
реалізованим для половинного та одинарного форматів представлення чисел з 
плаваючою крапкою. Для старших форматів представлення чисел з плаваючою 
крапкою реалізація подібного операційного пристрою виглядає більш розумною на 
основі алгоритму, подібного доалгоритму Кехена. 

Ключові слова: операційний пристрій, скорочений набір операцій, 
плаваюча крапка, закон асоціативності, алгоритм Кехена.  
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Target setting. When constructing cores of most of the modern microprocessors 

with the x86-64 architecture, OoOE (Out-of-Order Execution) technology, based on the 
implementation of a Restricted Data Flow (RDF) [1,2], is used. Such microprocessors are 
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called superscalar microprocessors [3], or microprocessors with the CISC-RISC (CISC-
outside RISC-inside) architecture, where: CISC - Complex Instruction Set Computing 
(full set of operations of x86-64 architecture), RISC - Reduced Instruction Set Computing 
(short set of operations implemented by a number of microprocessor operating devices). 
RISC is also called: uop, micro-ops, μops, or similar terms. 

In the process of operating the cores of such microprocessors, a number of CISC 
commands, currently active in the flow of commands, are simultaneously decoded into a 
plurality of RISC operations. RISC implementation planning is performed according to 
the RDF architecture, based on the readiness to execute RISC operations operands. Prior 
to RISCs obtaining the ready to execute status, they are placed in the reserve station cells 
[4-5]. RISC, which became ready to execute, can be transmitted from cell reservation 
station to a free operating device that can execute it. Thus, in modern microprocessors, 
dynamic parallelism is organized at the level of RISCs. 

When forming CISC flows – commands that operate with floating point 
operands, both programmers and developers of optimizing compilers must take into 
account features of specific implementations of arithmetic with floating-point [6]. As a 
consequence of these features, for example, floating-point arithmetic does not perform 
standard mathematical laws such as commutative and associative [7] and it is possible 
to do so that the calculated answers almost entirely consist of "noise" [7]. 

For example, multiplication and division operations do not greatly increase the 
relative error, but subtracting almost equal quantities can significantly increase it. One 
of the consequences of the possible unreliability of the addition operation sequence of 
floating-point numbers is a violation of the law of associativity: (u + v) + w ≠ u + (v + 
w) for some u, v, w. The distributive law that binds the operations × and +: u × (v + w) 
≠ (u × v) + (u × w) may also be violated. Performing addition and subtraction 
operations sequence numbers even with fixed-point is known as [7] left-associative. 
This means that operations in such an arithmetic expression must be strictly executed 
from left to right. Even guidelines for programmers are developed, that contain 
recommendations for the organization of computing with fewer errors [7]. For 
example, if you want to add a long sequence of positive numbers [7], you should first 
sort them out and perform operations starting with the smallest numbers. 

Analysis of these guidelines shows that it is often difficult to carry out such rules 
for the programmers, for example, because unknown values of variables, because the 
need for pre-sorting of numbers by size, etc. The implementation of such guidelines by 
the compiler at the stages of preparation for computing is also difficult for the same 
reasons. In addition, the implementation of these rules, such as the need to change the 
order of filing operands when performing addition sequence of positive numbers with 
floating-point, creates the complexity for organizing parallel calculations. 

To reduce the error of adding-subtracting a long sequence of floating-point 
numbers, Kahan 's algorithm, which is also known as compensatory summation, is used 
[8]. Reducing the error is achieved by introducing an additional variable to store a 
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growing amount of error. With compensating summation, the worst error does not depend 
on the number of operands, so a large number of operand values can be combined with an 
error that depends only on the accuracy of the floating-point representation format. But 
according to this algorithm, each operation of addition-subtraction is transformed into 
4 operations of addition-subtraction type and 4 assignment operations. 

The research objective. The purpose of this project is to develop the approach 
to building fast operational device of adding-subtracting a long sequence of floating-
point numbers for dynamic branching of work at the level of RISCs, which without 
additional software complications, will ensure the law of associativity when 
performing addition sequence of positive numbers. 

The approach to creation of the operational device. Ensure the implementation 
of the associativity rule for the addition operation over a sequence of positive of floating-
point numbers without additional software complications is possible if you perform 
computation of all intermediate results without losing significant bits. 

Consider the possibility of constructing an operational device (OD) for adding-
subtracting a sequence of floating-point numbers, which performs the operation o = o 
± x at each step of the calculation, where: x is the next operand of the sequence that 
can be taken at each step of the calculation on OD inputs for processing; o - an 
intermediate result of addition-subtraction of a sequence of numbers. To increase the 
accuracy of the o in the OD will be calculated with an accuracy that is limited only by 
the range of order change and the accuracy of the representation of the mantissa of the 
processed format [6]. At the beginning of computing a new sequence of numbers o 
will be zeroed. Simultaneously with the calculation of the new value of o, its previous 
value will be converted to the processed numeric format with the rounding to the 
nearest [6] and output to the OD outputs. Suppose that at the OD input, according to 
standard [6], each floating-point number x has the form:  x = fx ⋅ 2ex, where:  fx is a n-
bit normalized (1 ≤⏐ fx⏐ <2, with x ≠ 0) fractional part of the number x (mantissa); ex - 
number order (unsigned integer from interval [emax, 0]); fx and ex are represented by a 
direct binary code. The floating-point number has two characters: a sign number (sign), 
displayed in a separate bit; the order sign, is displayed by the bias of the order [6]. 

The schematic design of OD addition-subtraction operations over a sequence of 
floating-point numbers with increased accuracy of execution is shown in Figure 1. His 
work is as follows. 

Filing of the operands is one at a clock (see fig.1) of work of the OD. So, on the 
i-th clock of the work on the inputs of the OD, a regular operand (number x) is given. 
In this case, the control node 1 is its transformation from a processed floating-point 
number format [6] to the internal range of processing numbers r, where r = emax+1+n 
and is the number of binary digits in the representation of a fixed-point number. 
Namely, the input fx is given by a normalized mantissa of the operand, the input ex is 
the order of the operand, the input signx - sign of the operand. With the arrival of the 
front edge of the clock pulse on the input clock data are recorded, respectively, in the 
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registers of the mantissa RG fx, the order RG ex and the trigger control Tg signx. At the 
same time, if the number x is the initial operand of the new sequence of numbers, the 
value of RG fo is reset using the reset signal. 

 

 
Fig. 1. Functional operating device (OD) addition-subtraction operations scheme 
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With the MUX 1 multiplexer and depending on the signx value, the transfer of RG 
fx from the mantissa fx code to the Block keys input with the recovery of the hidden bit 
MSB [6] and the signx is carried out. Depending on the value of the order ex, on one of the 
outputs of the DC decoder, a signal is generated that provides the input of the Block keys 
to the first input of the adder ∑fo. As a result of this transfer, the arithmetic left shift of the 
inverse code fx is carried out with MSB and signx on ex bits, and all other lower bits of the 
first input of the adder ∑fo are filled with the value of the signx, which, together with the 
submission of the signx also to the input of the junior carry input adder ∑fo provides 
formation supplementary code x, brought to the r range. 

On the (і+1)-th step of the OD's work on its inputs, a regular operand of a 
computable sequence can be taken. At the same time, in the register RG fo in the node 
2 summation from the outputs ∑fo, the result of the summation of the previous operand 
will be recorded, and in the trigger Tg signo and registers: RG eo

I and RG fo
I in the 

node 3, the result will be written, respectively: the sign, order and mantissa are 
partially normalized the previous value of o (from the summation of the operand that 
could be taken at the inputs of the OD on the (і-1)-th step of his work). 

Thus, OD represents a conveyor information converter consisting of three 
segments. At each step of the OD's work on its inputs, a regular value of the number x 
of the executed operation o = o + x, in the general case of different microprocessor 
cores (from the core that captured the OD clock cycle) can be taken. If any of the cores 
need to perform the operation o = o - x, the signx value applied to the OD inputs must 
be changed to the opposite. 

Simultaneously with the summation on ∑fo of the number x with the 
accumulated amount fo, which flows from the register of RG fo to the second input ∑fo, 
an overflow signal is generated (as the sum of modulo 2 of the two highest bits ∑fo), 
which indicates about the output of a new value of fo from the range r. In the node 3 
forming result transfers the previous accumulated amount of fo to an intermediate 
representation in a floating-point form with a 2n-digit binary code of the mantissa of 
the fo

I result in the forward code and the m-bit value of the order corresponding to the 
fo

I mantissa. To do this, first, the fo value from RG fo, using the MUX 2 multiplexer 
and the CTR 1 counter, is translated into a straight-line code, and from its 
representation the signo is deleted, which is written to the Tg signo at the next cycle of 
the work of the OD. Then with the help of a group of OR1 formed address entry to 
permanent memory ROM (actually the older nonzero group of binary digits is found in 
fo). The OR1 group consisting of  ⎡ (emax+n)/n ⎤   n-inputs elements “OR” (the senior 
element in the group has (emax+n)modn inputs. At this address, from the first ROM 
outputs, the value of the order eo

I is read, which corresponds to the finding of the 
higher significant digit fo on the lower-rank position of the older non-zero binary digits 
in fo. This read-out value of the order eo

I is written to RG eo
I at the next time the OD 

works. From the second output ROM the zero address reads a zero signal, which 
indicates that fo = 0. In this case, from the first ROM outputs, the zero value of the 
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order of eo
I is read [6]. From the third ROM outputs at the address formed in OR 1, the 

control information is read out to the MUX 3 multiplexer. This information provides 
the passage from the outputs CTR 1 through MUX 3 to the RG fo

I inputs only of the 
highest non-zero binary digits group fo and the discharges group that is next after by 
her. At the next cycle OU work, these two groups of digits are written to RG fo

I. 
In the next work of the OD normalizing the mantissa of the result fo is achieved 

by removing the hidden bit, its rounding to the nearest, and making the corresponding 
correction to the value eo. To do this, using the encoder, depending on the number of 
zeros to the first significant bit in fo, the control information is generated by the MUX 
4 multiplexer. This information provides the passage from the outputs of RG fo

I 
through MUX 4 to the inputs of the CTR 2 counter n of the highest significant bits fo, 
shifted left to k bits, where k is the number of zeros to the first significant bit in fo. In 
this case, the first significant bit in fo on the inputs of the CTR 2 counter is not 
transmitted, which provides for the removal of the hidden bit. At the same time, at 
other encoder outputs, generates correction an order of eo equal to (emax+n)modn-k is 
formed, if the first significant bit in the direct code fo was found in the older group of 
digits, or n-k in all other groups of digits. With the help of the ∑eo adder, this 
correction is added to the value eo

I that arrives at the other inputs of the adder from RG 
eo

I and is summed up with the value of the carry input entry of the adder coming from 
the counter CTR 2 and indicates the overflow of the mantissa fo as a result of its 
rounding to the nearest [6]. The result of this so that the value of the mantissa fo, as 
well as without the CTR 2 overflow signal, will be normalized, rounded and deleted 
with a hidden bit and is output from the outputs of CTR 2 through a group of (n-1) 2-
inputs elements “AND” to output fo OD. Thus, from the outputs ∑eo through the input 
0 multiplexer MUX 5 output eo OD issued value of the order of the intermediate result. 
When the carry signal from most significant bit ∑eo appearing, indicating the overflow 
eo i.e. eo ˃ emax, according to [6], the output of fo OD gives a zero value, and the output 
eo OD, through the input 1 of the multiplexer MUX 5, gives the value of emax. 

Table 1 summarizes the values of the bits of the main OD blocks for different 
formats of representation of floating-point numbers, according to [6]. 

Conclusions. The paper describes the possibility of constructing an operational 
device for addition-subtraction of a sequence of floating-point numbers with an 
accuracy that is limited only to the range of order change and the accuracy of 
representation of the mantissa of the processed format. 

This approach to constructing the operational device of addition-subtraction of 
a sequence of floating-point numbers looks very promising due to the simplification of 
the computational process from the programmer's point of view, because it ensures 
implementation of the associativity law when performing addition of sequences of 
positive numbers, without additional complications required on the software level. 

The paper describes the functional circuits of such an operational device, which 
does not require elements of firmware control for its work. As it can be seen from the 
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table 1, the operational device, under the current technological level of components 
development, can be implemented for SF and F formats of floating-point numbers [6]. 
For other formats such implementation of operational device is more reasonable to 
base on an algorithm similar to the Kahan 's algorithm. 

Table 1 
The values of the bits of the main OD blocks for different formats of 

representation of floating-point numbers 

Main OD blocks SF F DF DЕF QF 
RG fx 10 23 52 64 112 

RG ex, RG eo
I, 

∑eo, MUX 5 
5 8 11 15 15 

MUX 1, MUX 4, CTR 2 11 24 53 65 113 
RG fo , ∑fo 43 280 2101 32833 32881 

MUX 2, CTR 1 42 279 2100 32832 32880 
OR 1 4 12 40 506 291 
ROM 16 x 8 4K x 13 T x 18 2506 x 25 2291 x 25 

MUX 3, RG fo
I 22 48 106 130 226 
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СПОСІБ СПРОЩЕННЯ ОБЧИСЛЕНЬ З ПЛАВАЮЧОЮ КРАПКОЮ 

В СУПЕРСКАЛЯРНОМУ ПРОЦЕСОРІ 

Актуальність теми дослідження. При побудові ядер більшості сучасних 
мікропроцесорів з архітектурою x86-64 використовується технологія OoOE (Out-
of-Order Execution), що заснована на реалізації обмеженої архітектури потоку 
даних (Restricted Data Flow (RDF)). Такі мікропроцесори отримали назву 
суперскалярних мікропроцесорів, або мікропроцесорів з архітектурою CISC-
RISC («CISC-outside RISC-inside»), де: CISC - Complex Instruction Set Computing, 
RISC - Reduced instruction set computing (скорочений набір команд, що 
реалізується множиною операційних пристроїв ядра мікропроцесора).  
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Постановка проблеми. При формуванні потоків CISC – команд, що 
оперують операндами з плаваючою крапкою, як  програмістам так і розробникам 
оптимізуючих компіляторів доводиться враховувати особливості реалізації 
арифметики з плаваючою крапкою. В наслідок цих особливостей, наприклад, 
для арифметики з плаваючою крапкою не виконуються стандартні математичні 
закони, такі як комутативний та асоціативний і неважко так невдало провести 
обчислення, щоб  їх відповіді майже цілком складалися із "шуму".   

Аналіз останніх досліджень і публікацій. Протягом останніх років, 
побутова ядер суперскалярних мікропроцесорів ґрунтується на тому, що деяка 
кількість CISC – команд, активного в даний момент потоку команд, одночасно 
декодується на множину RISC– операцій. Планування виконання RISC – 
операцій здійснюється відповідно до архітектури RDF, на підставі готовності до 
виконання операндів RISC – операцій. До набування RISC – операціями стану 
готовності до виконання, вони розміщуються в комірках станції резервування. 
RISC – операція, котра набула стану готовності, може бути переданою з комірки 
станції резервування в вільний операційний пристрій, що може її виконати. 
Таким чином в ядрах сучасних мікропроцесорах організовується динамічний 
паралелізм на рівні RISC – операцій (їх також називають: uop, micro-ops, µops, 
або подібними термінами). 

Виділення недосліджених частин загальної проблеми. Дана стаття 
присвячена вивченню та аналізу підходу до побудови  більш точного операційного 
пристрою суматора-віднімача послідовності чисел з плаваючою крапкою.  

Постановка завдання. Завданням є розробка швидкодіючого операційного 
пристрою суматора-віднімача з плаваючою крапкою який може бути вико- 
ристаними для динамічного розгалуження роботи суперскалярного ядра на рівні 
RISC – операцій і при цьому, без додаткових програмних ускладнень, забезпечить 
виконання закону комутативності для довгої послідовності додатних чисел. 

Викладення основного матеріалу. Розглянуто підхід до побудови 
швидкого операційного пристрою додавання-віднімання довгої послідовності 
чисел з плаваючою крапкою, що без додаткових програмних ускладнень 
забезпечить виконання закону асоціативності при складанні послідовності 
додатних чисел. Описана функціональна схема такого пристрою, котра не 
потребує для своєї роботи елементів мікропрограмного керування. 

Висновки. Операційний пристрій за розглянутою схемою може бути 
реалізованим для  половинного та одинарного форматів представлення чисел з 
плаваючою крапкою. Для старших форматів представлення чисел з плаваючою 
крапкою реалізація подібного операційного пристрою виглядає більш доцільною 
на основі використання алгоритму, подібного до алгоритму Кехена. 

Ключові слова: операційний пристрій, скорочений набір операцій, 
плаваюча крапка, закон асоціативності, алгоритм Кехена.  


